St. Venant-Kirchhoff Membrane Energy Eigensystem

TIANYU WANG
The St. Venant-Kirchhoff membrane energy density ¥ is defined as

¥(F) = yuE : E + g tr? (E), 1)
where F € R3*? is the in-plane deformation gradient, E = %(FTF -
I) € R¥*? is the in-plane Green strain tensor and I is the 2 X 2
identity matrix.

Following the methods in [Kim 2020; Panetta 2020; Smith et al.
2019], we first convert this F-based representation into an S-centric-
invariant-based representation:
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where o1 and oy are two singular values of F obtained from the
o1 0

singular value decompositionF=U | 0 02| V', I; := o1+03, Iz =
0 0

012 + o"zz and I3 := o103 are three singular-value-centric invariants.

Using the chain rule, the second derivative of ¥ with respect to F

can be written as below:
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We use the definition a = Mf” L - M‘u , b= /1+2;1 ¢ = —pand

d = —puls for conciseness and the second derlvatlve can be further
expressed analytically based on the conclusions in [Panetta 2020]
as below:
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Clearly, any orthogonal basis can be chosen as a set of eigenvec-
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tors for <12 Because both 22 and 2% are orthogonal to any vector
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with such a pattern wU |y 0| VT, we can immediately get four
z v

eigenvalues and corresponding elgenvectors for &% aFZ ¥ with the help

of the analytic eigensystem for 2 aFZ in [Panetta 2020]:

Author’s address: Tianyu Wang.

2

/11:261+d /12:2a—d
0 0 0 0 ©)
es=U[0 0|V, es=U|0 0ofVT.
1 0 0 1
— sttt tsssssrttttsssssa’
/13:2u+2d /14:2a+gd
The left two elgenpalrs can be found by firstly prOJectmg ol L into

the space spanned by aF 2 and 613 and then finding the eigensystem

of the reduced Hessian. Followmg the method in [Panetta 2020],
we compute this reduced Hessian by selecting two simple bases
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With the further definition Z := +/(a — 8)? + 4y2, the final two

)elgenpalrs can be expressed analytically as below:
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